Chandola et al. Advances in Difference Equations (2020) 2020:684 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-020-03142-6 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

An extension of beta function, its statistical
distribution, and associated fractional
operator

Ankita Chandola', Rupakshi Mishra Pandey'", Ritu Agarwal” and Sunil Dutt Purohit®

"Correspondence:

rmpandey@amity.edu Abstract

! Amity Institute of Applied . .

Sciences, Amity University, Uttar Recently, various forms of extended beFa functlon have .been prqposed and

Pradesh, India presented by many researchers. The principal goal of this paper is to present another
Full list of author information is expansion of beta function using Appell series and Lauricella function and examine

available at the end of the article R . S . . .
various properties like integral representation and summation formula. Statistical

distribution for the above extension of beta function has been defined, and the mean,
variance, moment generating function and cumulative distribution function have
been obtained. Using the newly defined extension of beta function, we build up the
extension of hypergeometric and confluent hypergeometric functions and discuss
their integral representations and differentiation formulas. Further, we define a new
extension of Riemann-Liouville fractional operator using Appell series and Lauricella
function and derive its various properties using the new extension of beta function.

Keywords: Extended beta function; Appell series; Lauricella function; Extended
hypergeometric function; Extended confluent hypergeometric function; Statistical
distribution; Riemann-Liouville fractional operator

1 Introduction
The classical beta function is given by [1, Eq. (16), p. 18]

C(W) (W)

LW +W,)° @

1
B(V1,¥,) = / 11—Vl de =
0

where R(W1), R(W,) > 0, N is the real part of the function. The Gauss hypergeometric and
confluent hypergeometric functions are defined as [1, Eq. (6), p. 46; Eq. (1), p. 123]

o0
(“Ill)n(qJZ)n Zn
oF1(W, Wo; W352) = —_—, (2)
! ! nX:O: (\I’S)n n!
where |z| < 1, ¥y, W,, V3 € C; W3 #0,-1,-2,... and
o0
(\I"Z)n Zn
191 (Wo; W352) = —, (3)
; (“DS)n n!
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where |z] < 1, ¥;, W3 € C and W3 #0,-1,-2,... and (y), is the Pochhammer symbol de-
fined by [1, Eq. (1), p. 22; Eq. (3), p. 23], for y #0,-1,-2,...,

[Ty +k-1), neN, C(y +n)
and  (y), =

¥ = n=0 I'(y) )

’

The integral representations of hypergeometric and confluent hypergeometric function
are [1, Theorem.16, p. 47; Eq. (9), p. 124]

I'(W3) e Wy-Wy-1 "
Fi(V,¥y;¥352) = ———————— 2 (1—-¢8)3 7 (1 —zt)” " dt, 4
2Pl W) = n s e gt @

where f(¥3) > R(W,) >0, |arg (1 —z)| < 7, and

@1 (Vy; W3;2) = &/lt%‘l(l—t)%_%‘le”dt (5)
R T D (W) T (W5 — W) ’

where R(¥3) > RN(¥,) > 0.
Mubeen et al. [2, Eq. (2.1), p. 1552] defined the extended beta function as follows:

BY (W1, Wasp,q) = B, 7 (W1, W)

! wy-1 Wy—1 —P —q
= =1 -¢)"2 4 F ,0;— |1 F ,O0; ———— )
/0 t ( t) 1 1<Ol o p >1 1<Ol o 1 t))dt (6)

where R(¥1), R(¥;) > 0, R(p),N(g) >0, €C,0 #0,-1,-2,....
Goswami et al. [3, Eq. (12), p. 140] defined an extension of beta function as follows:

1
B2 = | 71— (s L - =L ), 7
172 (4, 10) /0 (11 11<y1 e e %
where min{N(p), N(g)} > 0, min{NR(n1), R(n2)} >0, y1 € C,and y, #0,-1,-2,....
In the same paper the authors also defined hypergeometric and confluent hypergeomet-
ric functions using the newly defined extended beta function [3, Egs. (13)-(14) p. 140]:

[e¢]

EJr (1, msnsi2) = )
n=0

Byl (2 + mmz — o)
B(n2, 13 — n2)

() (8)
n.

where N (p), R(g) > 0, R(n3) > N(n2) >0, y1 € C,and y, #0,-1,-2,... and

oo
) (n23m32) = Z
n=0

By (g + n,m3 = 12) z"

, )
B(na,nz—1n2)  n!

where N(p), R(g) >0, R(n3) > N(n2) >0, 1 € C,and y, #0,-1,-2,....

The Appell series introduced by Paul Appell (1880) is the generalization of the Gauss
hypergeometric series ,F; of one variable to two variables.

Appell’s double hypergeometric functions are defined as follows [4, Egs. (1.4.1)—(1.4.4),
p- 23]:

[e.¢]

F (ﬂl;ﬂz;ﬂé;ﬂa; u, V) = E

m,n=0

(dl)mﬂ'z (aZ)m(alz)n u"y"
(ﬂB)mﬂfz m!n! ’

(10)
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(al )m+n (QZ)M (alz)n u™v"

oo
/ /
Fy(ay, ay, ay;as,ab;u,v) = )

’ (11)
=0 (“3)m(“/3)n m!n!
> ! / my,n
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Fg((,zl,a’ ,612,61, sasu, V) _ ( l)m( 1)n( 2)m( 2)71 , (12)
' : 1191
m,n=0 (aB)an m:n.
(@) men(@2)min u"V"
F4(d1,ﬂ2;a3,ag; u,v) - Z m+n m+n 3

— (a3)m(as), min!’
Convergence conditions for the Appell series are as follows:
« F, converges for |u| + |v| < 1;

« F; and F5 converge when |u| <1 and |v| < 1;

« F, converges when |/u| + [/v| < 1.

Lauricella(1893) defined the Lauricella functions as follows [4, Egs. (2.1.1)—(2.1.4), p. 41]:

(n) / rLon i,
F, (al,al,...,an,al,...,an,ul,...,un)

o0
B et RR A A (14)
= @))e, - (@) £l &,
11 nn=0 Vet S e
Fén)(al ...ama/l,,,,,ﬂ;;ﬂ/l/;ul,...,un)
= i (a1)e, - (an)e,(@))e, - - - (@), uil uin (15)
e (@) +rt, £1--- &,
ng)(al,ﬂll;ﬂll/,.u,d;;;ulwu;un)
_ C- (ﬂ1)€1+~-+5n (“/1)51+~'+5n u%il e uf‘n (16)
= Z (@)e, - (@) gl...é"
10 e
Fgl)(dl,a/l,...,ﬂ;’;ﬂ,l/;ulv---;un)
. f b
= Z (@1)g 18, (@)gy -~ (@)e, Uy -~ (17)

£y =0 (“/1,)§1+~~+§n &1l---&,! )

For the number of variables # = 2, Lauricella functions reduce to Appell series F;, F3, Fj,
and F; respectively, and for # = 1, these functions reduce to the Gauss hypergeometric
function > Fi(-).

The Lauricella functions converge as per the following conditions:

5\") converges when |ug| + -+ + |u,| < 1;

()

3

+ Fy” converges when |u;| < 1,...,|u,| < 1;
. 81) converges when | /ui| + -+ - + | /4| < 1;
« F? conver h 1 1

D ges when |u1| < 1,...,|u,| < 1.

Fractional calculus has many applications in the areas of science and engineering like
fluid flow, electrical networks, and many others.
The classical Riemann—Liouville fractional integral of order g € C with %(8) > 0 of a

function g is given by [5]

y
[8¢]0) = %ﬁ) fo dO -0t dt, y>o. (18)
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The classical Riemann-Liouville fractional derivative of order 8 € C with %(8) <0 of a
function g is given by

[D})0) = 5 [ @00 -0 ds, 3> 06 <o 19)
=B Jo

2 Extension of beta function

Many authors have studied various extensions and generalizations of beta function and

hypergeometric functions (see, e.g., [6—10]). In this section, we have made efforts to define

the extension of beta function using the Appell series and the Lauricella function.

Definition 2.1 The extensions of beta function using Appell series (10)—(13), respectively,
are defined as follows:

1
F _ wi-1 Wy-1 P q
(a) Bp,lqmjlyq’Z)—/O‘ (1 -0 F1<011:612,612,6l3, ;,m> dt, (20)

where R(a1), R(az), R(ay), R(as) > 0, R(p), R(g) = 0, r > 0, R(¥;) >0, and R(¥,) > 0.

1
F. vy -1 Wy-1 /. ;P q
(b) Bp?q(\[}h V) = /(; 1=k <611; az,d,; as, as; ;, m) dt, (21)

where R(aq), R(az), R(as), R(as), R(as) > 0, R(p), R(g) > 0,r > 0, R(V¥;) > 0,and R(¥,) > 0.

1
F _ w-1 Wy-1 / 4 q
(c) Bp?q(\lll,\llz)_/(; 11 - )™ Fg(ﬂl,dl,dz,dz,ﬂg,t—r, (1—t)’>dt' (22)

where R(aq), N(a)), R(aq), R(a)), R(as) > 0, R(p), R(g) = 0,r > 0, R(¥;) > 0,and R(¥,) > 0.

1
F. _ -1 Wy-1 . , P q
@ B - [ e a(al,az,ag,ag,;,m)da (23)

where R(a1), R(az), R(as), R(ay) > 0, R(p), R(g) = 0, r > 0, R(¥;) >0, and R(¥,) > 0.

Remark 2.1 When g = 0, Appell’s double hypergeometric functions reduce to the hyper-
geometric function

p q V4
F (611,612,61/2;613; ;, m) =F (ﬂl,ﬂz,ﬂé;ﬂs,dé; ;,0>

/ / p / p
= F3 <ﬂ1,ﬂ1,ﬂ2,ﬂ2;ﬂ3; ;10) = F4<ﬂ1,ﬂ2;a3,a3; F; 0)

p
=,F (ﬂbﬂz;ﬂs;;),

hence for g = 0 in Definition 2.1, we obtain the following result:
The extension of beta function using hypergeometric series is defined as follows:

1
B,(Wy, ;) = / 1 -0 A (ﬂI:ﬂQ;ﬂii; g) dt, (24)
0

where N(a;), N(ay), N(as) >0, R(p) >0, r > 0, R(¥;) >0, and R(W;) > 0.
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Subsequently, for p = 1, r = 0, and a3, a3, a3 = 1, equations (20)—(23) reduce to the clas-
sical beta function B(¥;, ¥,), equation (1).

Definition 2.2 The extensions of beta function using Lauricella series (14)—(17) respec-

tively, are defined as follows:

)

(
F
(a) Bp? ,,,,, P n(\ply "IIZ)

! pnop
= f Y1l - t)wZ_lFIE‘") <a1,a’1, e B A =, —") dt, (25)
0

oWy tr)' -)tr

where R(a1), R(a}),...,N(a,), Ra)),...,R(a)) >0, R(p1),...,R(p,) =0, r >0, R(¥;) >0,
and N(¥,) > 0.

£
(b) Bp1 ,,,,, 5% n(\IJl,\Ilz)

1
= / Y1 - t)‘”z_lFé") <a1, ey Oy @Y. ..,a;;a’f;‘%, e ‘%) dt, (26)
0

where N(a1),...,N(a,), N(a)),...,N(a),), R(a]),> 0, R(p1)...,RN(p,) =0, r =0, R(¥,;) >0,

and N(¥,) > 0.

£
(0) Bpl ,,,,, D n(“pl»\IJZ)

! pp
=/ 1711 —t)wz_ng’) <a1,a’1;a’1’,.. ali—,... —n> dt, (27)
0

IR A 7E] tr;' ,t’”

where N(a;), R(a)), R(d)),...,N(]) > 0, R(p1),....,.R(p,) =0, r > 0, R(¥;) > 0, and
m(\l—’z) > 0.

£
(d) Bp1 ..... D, n(\ply “IJZ)

! poop
:/ t\lq—l(l—t)\llz—lF(D”)(al,a’l,...,a;;a/l’;F,...,t—f)dt, (28)
0

where N(a;), R(4)),...,N(a),),R(a]) > 0, R(p1),...,.R(p,) =0, r > 0, R(¥;) > 0, and
MR(W,) > 0.

Remark 2.2 For n = 1, the Lauricella series reduces to the hypergeometric function

(Vl) / / 1 //'Pl' pn
F, “1’“1’---’%5“1’-“’%’t_,v"?F

(n) / r,on P1 Pn
=F; Asees s @y oy B B3 ™53

(1) . PL P (1) . Pr P
=F/ <a1,a’1,a’{,...,a;’,t—y,...,;) =Fp (“1’“/1”“'“;’”/1,’F"w7

i b1
=,F (alral;al; 7)’

and hence, for # = 1 in Definition 2.2, we obtain result (24).

Page 5of 17
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Subsequently, if p; = 1, ¥ = 0, and a3, a},a] = 1, equations (25)—(28) reduce to the classi-
cal beta function B(Wy, ¥,), equation (1).

3 Important properties of the extended beta function
In this section, recurrence relations and integral representations have been derived for the

new extended beta function.

Theorem 3.1 The extension of beta function involving Appell series Fi(-) satisfies the fol-

lowing:
BiL (W1, Wy) = BJL (W) + 1, Wy) + Bl (W, ¥y + 1). (29)
Proof

RHS = Bl (W +1,W,) + B}l (W1, W, + 1)

1\11 W p q
= | Q-0 F|ar, a0, dy a5 =, ——— | dt
/0 (1-19) 1(a1 23035 (1_t),)

1 V4 q
+ t‘l‘l—l l_t‘I‘ZF a,a,a';d;—,— dt
/(; ( ) 1<1 2,49 3ty (l_t)r>
1
= twl_ll—t\l}z_lF ay,a ;ﬂ,;ﬂ;E!L dt
fo (o h e ditsi o gy
= Bﬁ}q(‘lﬁ, W,) = LHS.

This proves the desired result (29). O

Theorem 3.2 The extension of beta function involving Appell series F(-) satisfies the fol-

lowing:
o (¥2)
2
BIL(W1,1- W) = Z p “BIL (W + 1), (30)
n=0
Proof
F 'y W 4 q
-1 - ! e
LHS =B, (¥1,1 - W) = /0 (-0 h (awzr“z'% ’ m) &
o 1
Using (1-6)™"2 =3 —(¥a) It <1,
n=0

1 X n
- 4 p q
BL(Wy,1-Wy) = | 7NN (W), Fy | ar,an,ahsa3 =, —— | dt
(0,1 0) /0 > avanasias 7
Interchanging the order of integration and summation, we get

= (“IIZ)VI

1
BIL(W,1-W,) = e (g anabas L, —2— ) de
(V1 2) nX:o: n! /0 N2 (1 gy
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oo

WYa)n

=5 ( 2') Bl (W +1,1) = RHS.
n: ’

n=0

This proves the desired result (30). O

Theorem 3.3 The following result for the extension of beta function involving Appell series
F1(*) holds true:

oo
BEL(Wy, W) = ) B (W) + 1, Wy + 1), (31)
n=0
Proof

1
LHS = B}, (W1, ¥) = / I 1-n" TR (“1’“2’“/2;”3; 2 ﬁ) “
0 .

o0
Using(1-)"7" =(1-)"2 ) ¢,
n=0

1 00
- p q
Bg}q(‘yh W) = /0 s M1- t)\p2 E t"Fy (611’“2’“/2;113; X m) dt
n=0

Interchanging the order of integration and summation, we obtain

00 1
BFL (W, W,) = (11— E (4, ay dyas £ —L— ) dr
£ (0, W) 2(;/0 (-0 A (@ an,aia 2 s

o0
=Y "BYL (W +m,W, +1) = RHS.
n=0

This proves the desired result (31). O

Theorem 3.4 The following result for the extension of beta function involving Appell series
Fi(+) holds true:

Byy(di—d—n) =} "CBl(d +5,-d-5), .

s=0

n!
sl(n—s)!*

where "C; =
Proof From equation (29), we have
BiL (W1, Wy) = Bl (Wy + 1, W) + Byl (Wy, Wy + 1),
Let ¥; =d and ¥, = —d — n, then
F _ pF F
Bp}q(d, —-d—n)= Bp}q(d +1,-d-n) + Bp}q(d, —-d—-n+1). (33)
Substituting n = 1,2,3,... in equation (33), we get

F F F
Bf(d,~d —1) = Bb (d + 1,-d - 1) + Bl (d,~d),

Page 7 of 17
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B (d,~d-2) =B, (d+2,-d—2)+ 2B, (d+1,-d - 1) + B} (d,~d),
F: F F'
BJl(d,—d—3) =B} (d+3,-d—3) +3B0\ (d +2,-d - 2)

F F
+3B1(d +1,-d - 1) + BE\ (d,-d),

and so on.

On generalizing, we get our desired result (32). O

Theorem 3.5 (Integral representation) The following integral representations hold true:

s

2
(i) B;,lq(‘lll’ \Ijz) = 2/ COSZWI_I 9 Sin2\l/2—l 9
0

T o
cos 6’ sin? 6

x Fy (ﬂl,ﬂz,dé;ﬂg; - ) de, (34)
u\lll—l

o0
.o Fl _
I R e e

p(+u)

x Fj (al,az,aé;ag; ,q(1+ u)’) du, (35)

1
(i) B (W, Wy) =217117%2 / 1+ u)Y711 - u)¥!
-1

2'p 2'q
x Fi| a1,a,,d.;a3; ——, , 36
1(1 2005 (1—u)’> (36)
c
() B 00w = =2 [ -9t emn
z
ple—2)" gqlc-z2)
Fi\ a1, a3, a5; as; , du, 37
x 1(611 03— ey ) (37)
%
v) B;lq(\lll,\lfz)z / tanh?¥172 9 sech®¥2 0
0
p q
x Fil a1, a,,a);a3; ———, ———— ) db, 38
1(1 POk g sech2’9) (38)

where R(ay), R(az), R(a,), N(as) > 0, R(p), R(g) >0, r >0, R(¥,) >0, and R(V;) > 0.

Proof Substitute t = cos®0, t = s, t = SO ("_Z)), and ¢ = tanh? @ in equation (20) to

1+u)’ 2 (c-z

get equations (34)—(38), respectively. a

Similarly, we can prove the above results for B;Zq(\lll, W), Bﬁ?q(‘lll, ¥5), and B;fﬁ,(\lll, W),

4 Statistical distribution involving extended beta function
In this section, application of the newly defined extension of beta function in statistics
has been discussed. We define the extended beta distribution and derive the results for its

mean, variance, moment generating function and cumulative distribution function.
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Definition 4.1 Distribution of a new extended beta function involving Appell function
Fi(-) is defined by

0 mt% Y1 -t)¥ 1F1(611;612;612,613,§;(i)r), O0<t<],
t) = P\ T 12

0, otherwise,

(39)

where R(a1), R(az), R(a,), R(asz) > 0, R(p), R(g) = 0, r = 0, R(¥,) >0, and R(¥,) > 0.

If n is any real number, then the mean of the extended beta distribution defined above

is given by
! W+, ¥
E(Y") = / Y"F(Y)dt = M (40)
0 By (W1, W)
where Y is any random variable.
If n = 1, then the mean becomes
Byl (W +1, W
E(y) - ZraltirL¥)
Bp,lq(\l"b "IJ2)
Variance of the distribution is given by
Byl (U1, ¥ Wy +2,W,) — (B, (W) + 1,0
_E(y?)-Ey2 -2 a(W1, o) pq( 1+2,¥) { (W1 + 2)} (41)
(Bl (W1, ‘112)}
Moment generating function of the distribution is
O GE0") - g S :
—E B! (\Ijl +n, \112)— (42)
o 7 (‘111,\112) e nt
Cumulative distribution function is given as
W,V
E(y) = M (43)
p q(\l’l ) \IJZ)
with

¥
_ _ p q
Bﬁ;q(lyl, W,) = /0 gt 1(1 - t)\l‘z 1F1 (ﬂl,ﬂz,ﬂ/z;ﬂ?,} ;; m) dt
Similarly, we can obtain the above results for B;zq(\lll, W), Bgf’q(\lll, W,), and B;fﬁ,(\lll, W),

5 Extension of hypergeometric and confluent hypergeometric functions using
extended beta function
Here, we define a new extension of hypergeometric and confluent hypergeometric func-

tions using the new extension of beta function.
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Definition 5.1 The extension of hypergeometric function using the newly defined beta
function involving Appell series Fi(-) is

pq \I’2+}’1 ‘Ijg—‘ljz)
B(W, V3 — W) nt’

[o¢]
FfL(Wy, Wo; Wy w) = ) (W), (44)
n=0

with R(¥3) > R(W,) > 0 and R(p), N(g) > 0 and |w| < 1.

Definition 5.2 The extension of confluent hypergeometric function using the newly de-
fined beta function involving Appell series F (-) is

oo F
B,L (W) + 1, W3- W "
Ph (‘pz;‘l’e.;w):Z pg(Ls s Z)W—,
rq o B(‘-Ifz, Y3 — lI»’z) n!

(45)

with R(¥3) > R(W;) > 0 and R(p), R(g) > 0 and |w| < 1.

Similarly, we can define F;%,(\Ill,\llz;\llg;w), F;fi(\lll,\lfg;‘llg;w), F;‘;(\Ifl,‘llz;\lls;w),
Dy (Wo; W3s w), <I>,f?q(\lfz; W3;w), and @ (Wo; Wa; w).

Remark 5.1 When g =0 and subsequentlyifp =1, =0, a1, a3,a3 = 1, equations (44)—(45)
reduce to the Gauss hypergeometric function (2) and confluent hypergeometric function
(3), respectively.

5.1 Integral representation
Theorem 5.1 The extended hypergeometric function has the following integral represen-

tation:
1
FFI\IJ,\IJ,\IJ,W - - £l Z ¥l _ )1
(W, Wy; W3 w) = B(\Ijz,\l—’g—\l—’z)/ 1-1) (1-tw)”
p q
x Fi( a1, a3, a5; a3, —— | dt, 46
1(1 2,42 Btr (l_t)r) ( )

where N(a1), R(az), R(a,), R(as) > 0, R(p), R(g) >0, r >0, R(¥3) > R(V2) >0, |w| <1, and
larg(1-¢)| <.

Proof By definition (44),

i \111) pq(\lfz +n, \1-’3 - lI»’z) w"
n

FEL (W, Wy Was w) .
pa(V1 Wi ¥ B(Wy, W3 —Wy)  n!

n=|

By definition (20) of the extended beta function

1
B(Wy, W3 —W3) Jo

r 4 w"
x Fi| a1,a0,d.;a3; —, —— | dt—.
1(1 2y (l—t)’) n!

1 0
FLL (W), Wy; W w) = 21— )Ty (),
n=0

Usi > (W1)u(tw)" —y .
sing E — - (1 —£)~"1, we get the desired result (46).
n=0 :
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Theorem 5.2 The extended confluent hypergeometric function has the following integral
representation:

1 'y
_— £¥271(1 — )3 Y2 L exp (we)
B(W,, W3 — W) /o P

x Fi <611,612,6l’2;ﬂ3; P L) dt,

DpL (Wo; Was w) =

) 47
tr(1-¢t)y “7)
exp (w) / Wy-1 Wg—Wy-1
<I>F1\IJ;\I/; = (1 —1)"3 2 -wt
pa(Wos Waiw) = go=p s | e A=) exp (~wt)
V4 q
F ) ) /; Hiot Rar dt; 48
X 1(611 a2, ay; a3 7 (1—t)’> (48)

where R(aq), N(az), R(a,), R(as) > 0, R(p), R(g) =0, r > 0, R(¥3) > R(¥y) >0, and |w| < 1.
Proof By definition (45)

oo F
B,L(Wy + 1, V3 — W "
oh (Wy; Was w) = Z p,q( 2+ n, W3 2) W_
P o B(‘-Ifz, Y3 — lI—’z) n!

By definition (20) of the extended beta function

1 <t
CDFI (1112; Uw) = ——————— / t\I/2+n—1(1 _ t)‘I’B—‘l’z—l
P B(W, W3 — W) ; 0
x Fy ﬂl,ﬂz,ﬂ;;ﬂs; E, _1_ dtwn.
t (1-¢t)y n!
o (tw)"
Using Z — =exp (wt), we get the desired result (47).
n!

n=0

Replacing ¢ by (1 — £) in equation (47), we get result (48). O

Theorem 5.3 The following integral representations for the extended hypergeometric func-
tion hold true:

1 ° —w
i) FO(W, Wy Waw)=z —— a2 11 +a)"'™ (1 +a(l - !
() (0, Wy W) M%&rWﬁA (1+@" ™% (1+ a(l - w)
1 r
x F; <al,a2,a/2;a3; M,q(l + a)’) da, (49)
a
.. 2
(ii) F;}I(‘Ifl, Wy W3 w) =

- = /7 cos?¥271 g gin?¥s—2¥2-1¢g
B(Wy, W3 —W5) Jo

X (1 - cos? GW)AII1

’ V4 q
Fi\ ai,ay, a5 a3 ——, —— | db, 50
* 1(41 B BB osr sin2’9> G0
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21+\P1—\P3

1
i) FO(W, Wy Wsw)=—— | -2 212wl +a))
(i) (W), s W) B(%,%_%)fl( Yl (2 (1 + a)

x (1 +a)¥21

, 2" 2"
x Fy <ﬂ1,¢2,d2;613; ﬁ, a —6611)’) da, (51)

(C 1+\I/1 W3
(iv)  FyL (W1, Wo; Wa;w) = m/ (@a—w" " ((c—uw) - wa—u) ™!
x (c—a)¥3 V27!
(c—u)" qlc—u)
x Fy ((ll’ﬂZrﬂ/z;ﬂs; IZa o q(c Y da, (52)
1 z
FJL (W, Wy Wi w) = —————— [ tanh®"> ¢ sech™*27>%2 ¢
w) p,q( 1, Wa; W35 w) B(Wy, Ws —0y) J, an sec
X (1 — tanh? Qw)f\l/1
V4 q
X Fl(ﬂhﬂz,ﬂ;;ﬂs;m, m) de. (53)
Proof Substitute £ = <%, t = cos? 6, t = lﬂ ,t=%,and t = tanh® 6 in equation (46) to get
equations (49)—(53). O

Theorem 5.4 The following integral representations for the extended confluent hypergeo-

metric function hold true:

() D (W W35 w) = L /ooa%_l(l +a) V3 exp wa
P B(W,, W3 —,) Jo l+a
1 r
x F <a1,a2,a’2;a3; M,q(l + a)’) da, (54)

2 5
(ii) CDi}q(\I/z;\Ifs;w):mf cos“’z_l9sinz%_z%_l@exp(wcosze)
2, V3 — W) Jo
V4 q
F ’ ’ ,; ;—7— del 55
x 1<a1 D245 s sin2’9> (55)
1 +a)
i) DFL (W W w) = 1 Wa-l(] _ )WVl w
(i) ®F (W Ws;w) 37(%,%_% f R (e
2'p 2'q
F ’ ’ ,; ST d ] 56
<o gy ) 4 0
() @ (s W) = I [ gt o (M0
iv ;W)= ———————— a—u c—a
pal T ) R 0y — ) AN
plc—u)" glc—u)
Fi\ a1, a2, dy; as; , da, 57
X 1(111 az,dy; a3 a-uy (c—ay a (57)
1 T
) (IJIIZ}q(\I’z;\I/g;W):m / tanh?¥272 9 sech®¥372%2 g exp (wtanh29)
2, W3 — W,

/ p q
x Fi| ay,a3,a5; a3, ———, ——— | db. 58
1( DI E O anh? g sech2'9> (58)
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Proof Substitute £ = <%, t = cos? 6, t = 1;“, t=%"",andt= tanh? @ in equation (47) to get
equations (54)— (58). O

5.2 Differentiation formula
Theorem 5.5 The following differentiation formulas for the extended hypergeometric and
confluent hypergeometric function hold true:

ar (W1)n(W2)n

dwn {EJL (W, Wa; W3 w)} = ) E3L(Wy + 1, Wy + ;W3 + 1 w) (59)
3)n
and
dwn {cp;f,lq(‘ljz; W3 w)} = (q/ ), q)Fl L (Wa + W3 + mw). (60)
3

Proof Differentiating equation (44) with respect to w, we get

d (\112 +n, W3 — \112) W"_1
—{FEL (W), Wy W35 w) E v By :
oY1 923 3 O By ws ) (a1

Replacing n by n + 1

d (‘112+l’l+1 \Ilg—\Ilg)w
—{FB (W, Wy Wy w v Boi 61
T Ep (1, 0 s Z( R T e (61)

Using B(h, k — h) = %B(h + 1,k — h) in equation (61), we get

d o0 W, \ BEL (W) + 11+ 1, W3 — Wy) w"
_ FFI /] ’\Ij ’\II ; = v -_— P4 : — 62
dW{ qu( L *2, %3 W)} Z( 1)n+1 (Wg) B(‘l’z +1, ‘113 - “1’2) n! ( )

d
= —{F;,;(‘I’lyq’z; ‘1’3;W) Z(‘%)n(

\I-’l\pz pq(‘l’2+l’l+1 \pg—\pg)
aw

\1’3 B(‘I—’Z +1, ‘Ijg - ‘Ij2) 71'
= 0,

ZFQI(% + 1L, Wy 4+ 1L;Ws + 1;w).

Again differentiating equation (62) with respect to w, we get

d? W (Vg + 1) W (Vs + 1)
—{FEL (W, Wy W3 )} =
2 Fpa(W1r W2 W)} W5 (W5 + 1)

E3L(Wy +2, Wy + 2 Ws + 2;w).

Continuing like this, # times, we get the desired result (59).
We can prove result (60) in a similar way. O

Similarly, we can prove the above results for F;ﬁ,(\lll,\llg;\llg; w), F;Z(llll,\llg;\llg; w),
F;@(‘l’h Wy; W3; w), qjﬁ%‘pz; W3 w), d’fq(‘l’z; W3;w), and q);?q(‘pz; W3 w).

6 Extension of Riemann-Liouville fractional operators
In this section, we extend the Riemann-Liouville fractional operators using the Appell
series and derive its properties using the new extension of beta function.
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Definition 6.1 The extended Riemann-Liouville fractional integral is defined as follows:

r

y I
If[g(y):p,q]=%ﬁ) /0 g(t)(y—t)ﬂ-la(al,az,a;;ag;py v >dt, 63)

o (y—ty
where R(B) > 0, N(a1), R(az), R(ay), N(as) > 0, R(p), R(g) >0, r> 0.

Definition 6.2 The extended Riemann-Liouville fractional derivative is defined as fol-

lows:

7

1 7 4 ' qy

D? pql=—— By -t F Lo, dy; ds; ——, dt, 64

20 :p.q] F(—ﬂ)/o gy -1) 1(611 a2, @3 a3 b1 (64)
where R(B) < 0, R(a1), R(az), N(a)), R(as) > 0, R(p), R(g) >0, r > 0.

Similarly, we can define the extended Riemann—Liouville fractional operators using Ap-
pell series F,(-), F3(-), and Fu(-).

Theorem 6.1 IfR(B) >0, N(ay), R(az), N(ay), R(as) > 0, R(p), N(q) =0, r >0, then

Ble») =y":p.q] = mBﬁlq(n +1,8)y". (65)

Proof From Definition 6.1

r

[g(y) ¥ :pq ,3)/ t"(y - 1F1(a1,a2,a’2;a3;py 4 >dt. (66)

o (y—ty

Let ¢ = yu, then equation (66) becomes

! P 4
y"*ﬂ/ W1 -u)fF (al,az,a’z;ag;—, )du. (67)
0

Llg0)=y":p.q] = o Ay

r'(B)

Using equation (20) in (67), we get our desired result (65). O

Theorem 6.2 If (8) > 0, M(a), R(a2), (@), R(as) > 0, R(p), R(g) = 0, r > 0, and g(t) =
Yoo o bmt™, |t <1, then

() 1[e0):p.q] - %Zm;}qwu,ﬂ)y’"*ﬂ. (68)
m=0
A+f3 1

) (7500 pa] = s Zb Byl m + 3, B)y". (69)

Proof (i) From Definition 6.1

r

1 S ) r
Iyﬁ[g(y) P, q] = Tﬂ)/o metm(y_ 8P E (al,az,@;ag;ptlr, (yq_yt)r> dt.
m=0
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Interchanging the order of integration and summation, we get

T

1 & y r
Lle):p.q] = 6 Z_O by /0 "y —t)f 'y (al,a2,a’2;a3;p%r, (yq_yt)r) dt.  (70)

Using equation (65) in (70), we get our desired result (68).
(ii) From Definition 6.1, we have

Py

B Y _ _ p q
Iﬂ t}L 1 p, = _/ bmtm+l ! -t b lF ) ) ,; 5T dt~
P[0 pq] rp) /. mZ=0 O =0 i\ a1, az ayia5 O-0

Interchanging the order of integration and summation, we get

g0 :p.q]
1 & y r
= ﬁ Z /0‘ m+}L 1()] t)ﬁ IFI (ﬂl;ﬂ2ya2;ﬂ3y Iatl; (yqyt)r') dt (71)
Using equation (65) in (71), we get our desired result (69). 0

Theorem 6.3 IfN(u —n) >0, R(ay), R(az), R(ay), R(as) > 0, R(p), N(q) = 0, r >0, then

LR (B 1439)- (72)

I;L—n [yn—l(l _y)—ﬂ :p,q] - (( ))

Proof From Definition 6.1

qun [ynfl(l _y)fﬁ P, q]

— | o fa-oPy-p* " IF & @’ dt. 73
TT(u- n)/ o= 1| @z i dai = (y—ty 73)

Let ¢ = yu, then equation (73) becomes
Ly -7 pq]

pn—1

1
= _;Z__ n-1 n—n— p q
= 1- 1- 'F , a2, 0y A3; du. (74
I —77)/0 " (1 —yu) P (1 -u) 1<a1 a, dy; dz; — T u)) u. (74)

Using equation (46) in (74), we get

pu—1

Vi F
————B(n, ju — )F} ;
T (0, = m)E, 5 (B, m; 143.9)-

I;"" [yn’l(l _y)fﬁ P, q] -
On simplification, we get our desired result (72). O

Theorem 6.4 IfR(B) <0, R(ay), R(az), N(a)), R(as) > 0, R(p),N(q) = 0, r >0, then

Df[g) =y":p.q] = WBﬁlq(n +1,-B)y"". (75)
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Proof Using Definition 6.2 and following the same method as in Theorem 6.1, we get our
desired result (75). a

Theorem 6.5 If R(B) <0, N(aq), R(az), R(ah), R(as) > 0, R(p), N(g) =0, r >0, and g(¢) =
> o bmt™, |t < 1, then

) Dlet):pa] = 7o ﬁ)Zb BRL (m+1,-B)y"F. (76)
x p-1
(i) DJ[t*g0):p.q] F( ﬂ)Zb Lm0, =By (77)

Proof Using Definition 6.2 and following the same method as in Theorem 6.2, we get our
desired results (76) and (77). O

Theorem 6.6 IfN(u —n) <0, R(a1), R(az), R(a5), R(as) > 0, R(p),N(q) = 0, r > 0, then

e - ()
Dy =) poa] = sy T Ep (B i), (78)
Proof Using Definition 6.2 and following the same method as in Theorem 6.3, we get our
desired result (78). O

Similarly, we can derive the above results for the extended Riemann-Liouville fractional
operators involving Appell series Fy(-), F5(-), and Fa(-).
Also, in a similar way, we can prove all the above properties (from Sects. 3-6) for the

extension of beta function using Lauricella functions (Definition 2.2).

7 Conclusion

In this paper, we have discussed some extensions of beta function, Gauss hypergeometric,
and confluent hypergeometric function. A new extension of the classical beta function
using Appell series and Lauricella function has been obtained, which reduces to the clas-
sical beta function for specific values of the parameters. The integral representations and
properties of the newly defined beta function have been evaluated. Further, the statisti-
cal distribution using the newly defined beta function has been defined and the mean,
variance, moment generating function and cumulative distribution function have been
discussed here. Thereafter, the extended beta function has been used to define a new ex-
tension of hypergeometric and confluent hypergeometric functions and to discuss their
properties like integral representations and differentiation formulas. Moreover, extension
of the Riemann—-Liouville fractional operators using Appell series and Lauricella function
has been defined and its various properties have been discussed using the new extension
of beta function. All the results obtained here are reducible to a variety of known results
involving classical beta function, Gauss hypergeometric, confluent hypergeometric func-
tions, and many others. In the future, the operators of fractional derivatives, fractional
integration, and integral transforms can be applied to the extended beta, hypergeometric,
and confluent hypergeometric functions, and several image formulas can be established
(see, e.g., [11-13]).
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